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In trajectory surface hopping (TSH) simulations, initial conditions are typically gen-
erated using harmonic Wigner distributions, which assume independent harmonic
normal modes. While this assumption fails for anharmonic systems, it remains un-
clear under which conditions harmonic Wigner sampling becomes unreliable in pho-
tochemical simulations and whether anharmonicity alone is a sufficient criterion for
reconsidering the use of harmonic Wigner sampling. In the present study, we intro-
duce a sampling strategy based on vibrational self-consistent field (VSCF) theory to
construct a VSCF Wigner quasiprobability distribution that incorporates anharmonic
effects while retaining mode separability. Analytical expressions are derived in both
harmonic and distributed Gaussian bases enabling the implementation in TSH sim-
ulations. The method is applied to malonaldehyde and methylhydroperoxide, which
exhibit moderate and strong anharmonicity, respectively. For malonaldehyde, VSCF-
based and harmonic Wigner sampling yield similar results, indicating that harmonic
Wigner sampling remains reliable despite the anharmonicity. In methylhydroperox-
ide (MHP), where torsional motion strongly influences the excited-state character,
VSCF Wigner sampling gives results comparable to the quantum thermostat ap-
proach while offering a computationally efficient and systematically improvable route

to initial-condition sampling.
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I. INTRODUCTION

In photoinduced processes, a sudden change of the electronic state of a system often leads
to the breakdown of the Born-Oppenheimer approximation. For this reason, the treatment
of nonadiabatic effects is critical for successful simulations in photochemistry. For this task,
trajectory surface hopping (TSH) methods are often the method of choice since they retain
the efficiency of classical trajectories while successfully describing the population dynamics
in excited state processes. The driving idea behind TSH simulations is to partially include
quantum effects on top of classical trajectories.!»? While the primary purpose of TSH is to
account for nonadiabatic effects that arise when potential energy surfaces (PESs) become
degenerate near conical intersections, a natural question that arises is whether other nuclear

quantum effects, specifically zero point energy, can also be incorporated.

Methods based on trajectories (or trajectory basis functions) require well-defined posi-
tions and momenta of the nuclei. The closest quantum mechanical equivalent to the phase
space distribution is the Wigner quasiprobability distribution which fully describes the state
of a quantum system in the phase space representation.® Sampling initial conditions from
this distribution is not straightforward because 1) it is difficult to numerically evaluate the
true Wigner distribution and 2) it is not a true probability distribution and has negative
regions causing problems for methods based on classical trajectories.*® The method intro-
duced in this work addresses these issues. However, even in the ideal case where the initial
conditions perfectly reflect the quantum distribution, classical trajectories will not preserve
the correct zero point energy distribution over time.'® This issue is beyond the scope of this
work, but is usually not considered a major problem over the very short time scales typically

encountered when studying the first phase of photochemical reactions.

The most common method for selecting initial conditions for TSH simulations of small
to medium sized molecules is sampling from the harmonic Wigner quasiprobability distribu-
tion. This method is usually referred to simply as Wigner sampling, but going forward we
will use the term "harmonic Wigner sampling" to differentiate from the "VSCF Wigner sam-
pling" introduced here. Harmonic Wigner sampling involves two assumptions which greatly
simplify the problem: that the normal modes are independent and that the potential along
them is truly harmonic. The former approximation allows the full Wigner distribution to

be expressed as a product of independent single mode distributions, which can then be sam-
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pled independently, avoiding the curse of dimensionality. The latter approximation allows
the Wigner distribution to be written in a simple analytical form that depends only on the
frequency of the normal mode and remains strictly positive for both the vibrational ground
state and a system in thermal equilibrium. Taken together these important advantages
make harmonic Wigner sampling an attractive approach since an arbitrary number of initial

conditions can be sampled after just a single evaluation of the molecular Hessian.%"

The assumptions behind harmonic Wigner sampling remain valid for rigid molecules, but
can become qualitatively incorrect when large-amplitude motions are present. Representa-
tive examples include low-barrier internal rotations, which cannot be adequately described
by uncoupled normal-mode coordinates defined at a single equilibrium geometry. In general,
displacements along torsion or bending modes can lead to large coupling to bond stretching
modes, either in the potential energy term (when the modes are expressed in terms of Carte-
sian coordinates) or in the kinetic energy term (when the modes are expressed in terms of
internal coordinates).!"'? To alleviate the effects of this problem, ad hoc corrections such as
freezing low frequency normal modes during sampling are often needed.'®'* However, it is
difficult to predict the effect of completely neglecting low frequency motions at the start on
the overall dynamics and there are no well-established guidelines to apply such corrections.

In the present work, we use vibrational self-consistent field (VSCF) theory® to build
the vibrational wave function of the molecule from which we build the VSCF Wigner dis-
tribution to sample initial conditions for TSH simulations. VSCF is still a relatively crude
approximation for the vibrational wave function of a molecule and post-VSCF methods such
as vibrational configuration interaction (VCI) are required to obtain quantitative agreement
with vibrational spectroscopy data.!%'8 However, compared to the simple harmonic approx-
imation, 1D VSCF already fully takes into account the anharmonicity of the individual
normal modes while higher levels begin to include the interaction between the modes in an
averaged manner. The VSCF Wigner distribution retains the mode separability which was
key to the applicability of the harmonic Wigner distribution. Additionally, it admits a simple
analytic form both in the harmonic basis and in the distributed Gaussian basis (DGB). The
VSCF Wigner distribution is not strictly positive, but as we will show below, the negative
regions for the vibrational ground state are negligible even for a highly anharmonic system

when the vibrational wave function is centered around a single minimum.

An alternative to sampling from the Wigner function is to run classical MD simulations
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FIG. 1. Test systems: (a) malonadehyde and (b) methylhydroperoxide.

with a quantum thermostat (QT)%!*20 based on the generalized Langevin equation. A
detailed review of such thermostats can be found in Ref. 20. The basic idea is to tune
the thermostat parameters so that modes of different frequencies are maintained at distinct
effective temperatures. These temperatures are selected so that, over a given frequency
range, the resulting position and momentum variances are as close as possible to the values
for the quantum harmonic oscillator.!® Although tuning of the parameters is done for the
harmonic oscillator, QT simulations perform well even for moderately anharmonic systems
at higher temperatures. At very low temperatures, the thermostat fails to counteract the
leakage of energy from high-frequency modes to low-frequency modes due to their large
coupling.’® Despite these limitations, QT has been successfully applied for sampling initial
conditions for trajectory surface hopping dynamics,® with the main drawbacks being the
need for long simulation times for equilibration and obtaining uncorrelated phase space

points.?!

In the following section, we give a brief introduction on two test systems with different
levels of anharmonicity, malonaldehyde and methylhydroperoxide, shown in Fig. 1, which
also serve to illustrate the problem with harmonic Wigner sampling. In Sec. III, we give an
overview of VSCF and Wigner distributions and present analytical expressions for the VSCF
Wigner distribution in the harmonic and distributed Gaussian basis. In Sec. V, we perform
a detailed analysis of the differences between the sampling methods and their consequences
in nonadiabatic dynamics simulations. These two examples demonstrate the applicability of

the method and allow an assessment of its practical utility.
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II. SYSTEMS
A. DMalonaldehyde

Malonaldehyde is a six-membered ring system characterized by an intramolecular hydro-
gen bond of moderate strength. The barrier for H-transfer of &~ 4 kcal/mol?? implies that
the wave function amplitude at the top of the barrier is negligibly small, allowing the ini-
tial wave function to be considered fully localized in a single minimum. Nevertheless, even
near the minimum, the H-transfer potential is not harmonic, so including anharmonicity
can influence the phase-space distribution, particularly that of the O—H bond length. It
has been shown that anharmonicity affects the hydrogen-bond dynamics and leaves a clear
signature in the OH-stretching region of the IR spectrum.??* The extent to which the O—H
bond length distribution influences the excited-state dynamics, however, has not yet been

investigated.?*

B. Methylhydroperoxide

Methylhydroperoxide (MHP) is a molecule where the failure of the harmonic approxima-
tion has been shown to result in very large errors when initial conditions are sampled from
the harmonic Wigner distribution.?> Here the observable of interest is the quantum yield of
O—H vs O—0 bond photodissociation. Prlj et al. have shown that, in the excitation window
between 4.85 eV and 5.15 eV, harmonic Wigner sampling resulted in a quantum yield for
O-H dissociation of 63.1% while the yield with QT sampling was 30.1%.2° The source of
this error is in the shape of the PES along two normal modes, the C—O—0O—H torsional
mode and the O—H stretching mode which are, respectively, the lowest (Q1) and highest
(Q15) frequency modes of the molecule. This is illustrated in Fig. 2, where panels (a) and
(b) show the 2D cut of the PES along the internal coordinates while panels (d) and (e) show
cuts along the normal modes. One can see that away from the minimum, the directions of
the torsion internal coordinate (yellow line) and normal mode (red line) are very different.

At the minimum, the ); mode points along the tangent of the C—O—O—H torsion.
However, as it is extended, the mode quickly deviates from pure torsion and couples to
the O—H stretching coordinate, causing a sharp rise in potential energy. Because of this,

the harmonic approximation drastically underestimates the energy of the molecule along a
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FIG. 2. 2D cuts of the MHP potential energy surface along the torsional and O—H stretch internal

coordinates shown in Cartesian (a) and polar (b) representation and along the corresponding normal

modes @1 and Q15 (d) and (e). (c) 1D cuts along the torsional internal coordinate (yellow line)

and normal mode (red line). (f) 1D cuts along the bond stretch internal coordinate (orange line)

and normal mode (green line).

scan of the (); mode which, when sampling, results in geometries for which the O—H bond

is artificially lengthened. Elongation of this bond lowers the transition energy of the n'c*

state. This state has a large oscillator strength and, thus, initial conditions with a heavily

elongated O—H bond are more likely to be selected for initial excitation and have the biggest

weights when determining photochemical observables.
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III. THEORY
A. VSCF

We begin with a brief overview of the VSCF method, which provides the foundation for
deriving the VSCF Wigner distribution. In VSCF theory, the vibrational wave function for

the state (ny,...,ny) is written as a product of one-dimensional wave functions

N
\Ijv(@h ceey QN) = sz(m)(Ql) s (1)

while the vibrational coupling is treated in a mean-field manner.'® Thus, for a vibrational

Hamiltonian H,, the effective Hamiltonian along the coordinate @); is given by

h <H v |l Hw " > (2)

J# J#

Hy(Q1, ..., Qn)

where the integration is done over the coordinates Q;.;. The final vibrational wave function

is obtained by iteratively solving a set of one-dimensional Schrédinger equations!®

i

J#

Qh‘ aQN

H P > P(Q) = e™(Qs). (3)

JFi
In the following, we use mass and frequency scaled rectilinear normal coordinates and neglect

the Watson coupling terms, so the vibrational Hamiltonian takes the form?6:2”

= ——Z 8@2 Ql;- ‘7QN) ’ (4)

where w; is the harmonic frequency of mode ¢ and V (Q1, ..., Qy) is the potential energy
operator. Atomic units (A = 1) are used throughout the text. Constructing a PES by
evaluating energies on an N-dimensional grid is computationally feasible only for small

molecules. However, a hierarchical representation of the PES can be used?®2

V(@1 Q) = > V(@) +

N -1
i=1 i=1

N
S VP(QuQ) + ... (5)
7>t

where the intrinsic one-mode potentials are defined as

V@) =VvI(0,..,0:0,..,0) (6)

8
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and intrinsic two-mode potentials are defined as

V2(Q:) =V (0, Qiy ooy Qg o, 0) = VIV (@Q1) = V(@) (7)

to avoid overcounting the one-mode contributions.?>3® Higher-order intrinsic potentials are
defined analogously. Truncating the hierarchical expansion at a low order leads to a substan-
tial reduction of the number of points needed to obtain the potential energy on a grid. The
order of mode couplings needed to obtain accurate results depends on the system as well as

31,32 However for most applications one doesn’t

the coordinates used to describe vibrations.
need to go beyond three-mode representation,'® and even two-mode representation usually
only causes small errors, although higher order terms might be crucial to get accurate vibra-
tional spectra.®? A simple implementation requires Y n,_; () x (N, — 1) potential energy
evaluations for an n-mode representation, where N, is the number of grid points along each
dimension. However, approximations are available to reduce this number by using sparser

grids and by evaluating higher order potentials only for relevant mode combinations.?"33

Once the PES is available, Eq. (3) can be solved. Two common basis sets for solving the
VSCF equations are the harmonic oscillator basis and the distributed Gaussian basis. Their
advantage is that, when a polynomial representation of PES is used (obtained by fitting to
a grid), all the integrals needed to compute the Hamiltonian matrix elements in Eq. (4) can

33,34 Tn the harmonic oscillator basis set, the wave function takes

At () e (L) m <@>] 7 s)

where H,, is Hermite polynomial. In the distributed Gaussian basis, the wave function is

be obtained analytically.
the form

C)
-y,

pn=0

written as

o 1/4
W@ =26 (%) ew (-4 Q- Q). )

where (), are the Gaussian centers and A, are the exponential parameters controlling their
width. With the proper choice of these parameters, one can accurately describe the wave
function while avoiding numerical problems arising from near linear dependence of the ba-

33,35

sis functions. In the next subsection, we derive analytical expressions for the Wigner

distribution from these two representations of the wave function.



AlP
Publishing

T

.

B. Wigner distribution

The Wigner quasiprobability distribution function, for an N-dimensional system repre-

sented by a density matrix p, is defined as®

WP = (1) [T @yl yien P vy (10

o0

To account for anharmonicity, we generated the Wigner distribution using the VSCF wave
function (Eq. (1)). As in the VSCF wave function, the full VSCF Wigner distribution is

given as the product of the one-mode Wigner distributions
YT [ g0 () :
w@P)=(—) [[[ &"(@Q+y)v" (Qi—y)exp(2iPy)dy. (11)
i=1Y 7

In the harmonic oscillator basis (Eq. (8)), the one-mode Wigner function, W(Q;, P;) can

be written as

e (<5@+wP-5@ -7+ 2imy)
H,(Q+ ) 1, (Q =), (12)

where for simplicity we have dropped the mode index i. The integral in Eq. (12) was

previously evaluated in Ref. 36, giving the expression:

e ©
W(Q.P)=="3"0C.C, (u12¢+)  exp (— (Q* + P2)) x

(-2)~

G ol — e (@ T @ )T (13)

If the wave function is expressed in the distributed Gaussian basis such as in Eq. (9), the

one-mode Wigner function takes the form

® © AN\ A, 1/4
ver - 1S g0 () ()

pn=0 v=0

/00 exp [_Au (Q+y— QM)2] exp [—A,, (Q—y— Qu)2] exp (2iPy)dy, (14)

10
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which can be expanded as

1 L\V4 0. ©
W@, P)=— (ﬁ) > > 0.0 (AA)T X

pn=0 v=0

exp (_QZ(A/A + Az/) + 2@(14#@# + Aszu) - (AMQ,% + AVQ?/)) X

/_Oo exp [y (A, + A) +y (2Q(A, — AL) + 2(A4,Q, — A,Q,) + 2iP)| dy . (15)

Identifying 8 = A, + A, and v = (2Q(A, — A,) +2(A,Q, — A,Q,) + 2iP), the integral in
Eq. (15) can be written as

/Z oxp (—By” +vy) dy = exp (Z;) /OO exp <_5 (y _ %)j dy
e () w0

Substituting into Eq. (15) gives the final expression for the one-mode Wigner distribution

in the distributed Gaussian basis,

212 © ©
W(Q,P) = Z C,C, (A AN (A, + A) 72 x

pn=0 v=0
exp (—Q*(A, + A)) +2Q(A4,Qu + A,Q)) — (4,05 + A,Q))) x
((2Q(Au A) + 2A4,Qu — AQ)) + 2¢P>2> |

exp (17)

AA, +A)

As with the harmonic basis, this analytical expression can be evaluated at virtually no
computational cost. In conjunction with the fact that the Wigner distribution is written as
a product of one-mode distributions which can be sampled independently, this means that
the full cost of the sampling method is concentrated in the VSCF calculation.

From Egs. (13) and (17), we see that the Wigner distributions generated from VSCF
wave functions are no longer strictly positive even for the vibrational ground state. The
question that arises is how to deal with the distribution’s negative regions while sampling.
One possibility is to simply ignore the negative regions by setting the probability of sampling

from these regions to zero,”3"

max (W(Q, P),0)
ff max (W(Q, P),0)dQdP

Wi (@, P) = (18)

It should be noted that this approach is not generally applicable,?® best illustrated by con-

sidering the example of a symmetric double well. In this case, the maximum of the ground

11
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state Wigner function is at the origin even if the barrier is high enough for |¥,(Q)|* to be
vanishingly small near the origin. This in turn implies the existence of large negative regions
around the origin so that their contributions cancel out when integrating over the momenta.
In such a case, the probability distribution of the displacement would have a maximum at
the origin (where the barrier is highest) when sampling from Eq. (18).

While this can pose serious problems for potentials with multiple minima, it has been
shown that good results for low lying vibrational states can be obtained from VSCF cal-
culations by restricting the PES to a single minimum.?® A more general sampling strategy
that works even in cases where the single-minimum approximation is not adequate, as well

as for excited vibrational states is beyond the scope of this work.

IV. COMPUTATIONAL METHODS
A. VSCF calculations

We developed a code for constructing the PES and performing VSCF calculations in
the harmonic oscillator and distributed Gaussian bases. These tools will be included in a
future release of the ZagHop surface hopping code.*® For both molecules, the distributed
Gaussian basis was used. Grids of 17 points and 9 x 9 points were used for intrinsic 1D
and 2D potentials, respectively. A total of 337 and 13777 (226 and 6961) were required
for the constructions of 1D and 2D potentials for malonaldehyde (MHP). The grid range in
frequency scaled normal coordinates was from -4 to 4. Since the C—O—0O—H torsional mode
of MHP in rectilinear normal coordinates significantly elongates the O—H bond, convergence
issues occurred, and thus the normal coordinate was restricted to [—2,2]. It should be noted
that relatively simple algorithms for automatic determination of grid extensions such as the
adaptive density-guided approach (ADGA)3? are available, however for the systems involved
in this work the default values were adequate except for a single, easily identified, mode.
Prior to polynomial fitting, a cubic spline interpolation was used to create a fine grid of
points. The 2D-VSCF wave functions obtained with such grids were compared to those
obtained with denser, 33 x 33 point grids and the difference was negligible.

Ground state calculations for malonaldehyde and MHP were performed at the MP2/aug-

cc-pVDZ level using the Turbomole 7.9. program package.*!™*3

12
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B. Surface hopping simulations

Excited state calculations for malonaldehyde were performed at the SCS-ADC(2)/aug-
cc-pVDZ level*** using Turbomole 7.9.443 with 8 excited singlet states included in the
calculation. In total 10 000 phase space points were generated from the harmonic Wigner
distribution and the 1D and 2D VSCF Wigner distributions using Eq. (11) and Eq. (17).
Photoabsorption cross-sections were computed using the nuclear ensemble approach.*%4" For
the harmonic and 2D VSCF samples, trajectories were started from each state falling within
an excitation window between 3.9 eV and 4.2 eV. A total of 3590 and 3995 trajectories
were started for the harmonic and 2D VSCF samples, respectively. TSH simulations were
performed using a development version of ZagHop.% The local diabatization version of the
fewest switches surface hopping (LD-FSSH) algorithm was used,*® with a nuclear propa-
gation time step of 0.25 fs, and the energy-based decoherence correction from Ref. 49 was
applied.

Following Prlj et al. calculations for MHP were performed at the XMS-CASPT2(8/6)/def2-

SVDP level of theory using the BAGEL program package.?*>!

20000 phase space points were
sampled from the harmonic Wigner distribution, the harmonic Wigner distribution with
the ); mode frozen and from the 2D VSCF Wigner distribution. Initial conditions for
trajectories were selected from an excitation window between 4.85 eV and 5.15 eV. A total
of 2555, 2335 and 2923 trajectories were started for the harmonic, frozen (); harmonic
and 2D VSCF samples, respectively. The fewest-switches surface hopping simulations were
performed using SHARC 2.1.5%53 Further details can be found in Ref. 25.

To take into account the different transition probabilities of states falling within the
chosen excitation window, each trajectory was given a weight proportional to its initial

oscillator strength w; = Zf . 7 and quantum yields were then evaluated as

¢prod = Z wi¢prod,i (19)

where ¢pr0q, is 1 if the trajectory ended with the chosen product and zero otherwise. All
other quantities averaged over trajectories were computed analogously. Alternately, one
can perform f-biased sampling, in which sampled points and transitions are selected (by
rejection sampling) based on their oscillator strength. This produces a smaller number of

trajectories, each with an equal weight. In the case of MHP, the state responsible for one of

13
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the products (H product) rarely falls within the chosen energy window but has a very large
oscillator strength. Because of this, the quantum yield is very sensitive to the sample size
and the method chosen to evaluate the quantum yield, see the Supporting Information for

a discussion on this topic.

V. RESULTS AND DISCUSSION
A. DMalonaldehyde

For malonaldehyde, we first compare the bond length distributions generated from har-
monic, 1D VSCF and 2D VSCF Wigner distributions. Distributions of the bond length for
the different bonds in malonaldehyde are shown in Fig 3. The O—H bond is longer in both
1D and 2D VSCF samples compared to the harmonic Wigner sampling, while the distribu-
tion for the C=C bond is shifted to slightly higher values only for 2D VSCF. Both C—H
bonds are elongated at the 1D VSCF level compared to the 2D VSCF sample which is closer
to the harmonic Wigner sample. These results are not entirely unexpected since VSCF cal-
culations with 1-mode representation of the PES often produce inaccurate anharmonic shifts
and inclusion of mode-mode couplings is needed for accurate spectra.>> Comparing to 3D
VSCF calculations performed using the Molpro quantum chemistry program® 57 (Table S1),
we see that average bond lengths generated with 2D and 3D VSCF Wigner distributions at
the MP2/cc-pVDZ level are in excellent agreement. Thus, at least for this molecule, it is
safe to assume that there is no need to go beyond the 2-mode representation of the potential
energy surface.

Photoabsorption cross-sections calculated for each of the samples are shown in Fig. 4. The
first excited state at the ground state minimum geometry is a dark state of nm* character
and the first peak visible in the spectrum, centered at 4.7 eV, is assigned to the m7* state
which is the second excited state. The cross-section obtained using the 2D VSCF Wigner
sample is slightly shifted compared to the harmonic and 1D VSCF Wigner samples. This
can be explained by the fact that the C=C bond length distribution of the 2D VSCF sample
is shifted in comparison to the distributions of 1D VSCF and harmonic samples (Fig. 3(b)).
This bond extension is known to stabilize the m7n* with respect to the ground and first

excited states, eventually leading to the Sy/S; conical intersection at a bond extension of

14
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FIG. 3. Distribution of bond lengths in malonaldehyde: (a) O—H bond, (b) C=C bond, (c¢) C—H

bond adjacent to the O-H group, and (d) C—H bond adjacent to the carbonyl group.
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FIG. 4. Photoabsorption cross-section of malonaldehyde obtained with the nuclear ensemble ap-

proach using harmonic, 1D VSCF and 2D VSCF Wigner distributions.

only 0.07 A.24

Although the difference in cross-sections is small at first glance, a shift of the spectrum
could have a large influence on the sampling of initial conditions from a window at the
low energy edge of a peak (as is often the target). In this case, inside an energy window

between 3.9 €V to 4.2 eV the total number of states whose excitation energy falls within the

15
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FIG. 5. Adiabatic state populations of malonaldehyde computed from initial conditions sampled us-
ing the harmonic Wigner (hW) and 2D VSCF Wigner distributions. Thick lines indicate oscillator-
strength weighted populations obtained from all the points inside the energy window. The error
bars represent 95% confidence intervals of populations obtained by running many f-biased simula-

tions starting from the same initial phase space distribution.

window is similar for the 2D VSCF sample and the harmonic sample, as is the maximum
oscillator strength. However, the summed intensity within the window is 1.58x larger for
the 2D VSCF sample due to the m7* state falling within this low energy window more often
(Fig. S1). Consequently, the 2D VSCF sample produced on average 1.58x as many accepted

trajectories when f-biased sampling was used.

TSH simulations were performed for all initial conditions in the selected energy window
and the resulting adiabatic populations are shown in Fig. 5. Thick lines are the adiabatic
populations computed by a posteriori weighting while the error bars (99% confidence inter-
vals) are estimated by resampling 10000 f-biased runs from the whole sample and computing
the adiabatic populations for each run. The adiabatic populations obtained with both sam-
ples are essentially identical. Thus, while the inclusion of anharmonic effects did affect the
distribution of states within the chosen energy window, surface hopping dynamics is not sen-
sitive to such changes. Also, contrary to what we will see for MHP, even a single f-biased
sample yields reliable results that are close to those obtained with uniform sampling and
a posteriori weighting of populations. This is due to a relatively high acceptance ratio, on

average higher than 10% for both samples.
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FIG. 6. Distributions of (a) the @; (C—O—O—H torsion) and (b) the Q15 (O—H stretch) normal

modes in MHP, computed using harmonic, 1D VSCF and 2D VSCF wave functions.

B. Methylhydroperoxide

To investigate the performance of VSCF Wigner sampling in this challenging example,
we performed 2D VSCF calculations. For the )1 mode the 1D-VSCF potential is signifi-
cantly steeper than the harmonic approximation resulting in a narrower wave function in
the position representation. Extending to 2D VSCEF, the effective potential along the )
mode is more flat around the minimum than the 1D potential, but also rises steeply away
from the minimum (Fig. S2). These differences in the potential are directly reflected in the
¥ (Q1) wave functions used for generating the Wigner distribution, with the square modulus
of the harmonic wave function being significantly broader than the other two, as shown in
Fig. 6(a). In contrast, the wave functions for @15 differ only subtly between the methods.
At the 1D VSCF level, the wave function is shifted towards slightly longer bond lengths, as
expected based on the difference between the harmonic and true 1D potential (Fig. 2(f)).
However, this trend is reversed at the 2D VSCF level, Fig. 6(b). Upon inclusion of intrinsic
two-mode potentials, the broadening of the distribution along the ()1 mode (along which the
O—H bond length increases) is partially compensated by a shift of the Q15 wave function

towards lower O—H bond lengths.
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FIG. 7. Wigner distributions for (a) the C—O—O—H torsional mode, (b) the H—C—0O—O0 torsional
mode, and (c¢) the O—H stretching mode of MHP. Panels (d-f) show the corresponding normal
mode displacement distributions obtained from the one-mode Wigner function (p(Q)) and from the

positive-only W distribution with negative regions set to zero (p4(Q)).

At this point it is worth noting that all the Wigner distributions obtained from the ground
state VSCF wave functions contain negative regions. To check whether it is valid to ignore
those regions, as was done in Refs. 7 and 37 we compared the displacement (momentum) dis-
tributions obtained by numerically integrating the Wigner distribution over the momentum
(displacement) with those obtained by integrating the W, distribution from Eq. (18). The
Wigner functions and normal mode displacement distributions for select modes are shown in
Fig. 7. The only (barely) noticeable difference is seen for the ()1 mode, with W, producing
a slightly narrower distribution for the normal coordinate, while the momentum distribution
was slightly wider. Since ignoring the negative regions had little impact on the displacement
and momentum distributions, we proceeded by sampling from the W, distribution. How-
ever, more work will be needed to establish a general strategy that is suitable for dealing

with excited vibrational states and more anharmonic systems.
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Next, we repeated the analyses of Ref. 25 for the harmonic Wigner distribution and the
harmonic Wigner distribution with the torsional mode frozen (hereafter labeled harmonic*),
and compared the results with those obtained from the VSCF Wigner distribution. The
distribution of the C—O—0O—H torsion angle and O—H bond length is shown in Fig. S3 and
velocity distributions are shown in Fig. S4. The harmonic sample shows a high degree of
correlation between the torsion angle and bond length, with bond length increasing as the
torsion angle moves away from its equilibrium value. The harmonic* sample does not have
the artificially elongated O—H bond, but the torsion angle distribution is exceedingly narrow
since ()1, the primary mode responsible for this torsion, is frozen. For the sample generated
from the VSCF Wigner distribution, the C—O—0O—H torsion angle distribution is somewhat
narrower than that of the harmonic sample. However due to the shift of the O—H stretching
mode wave function and the constraint of the torsional mode wave function in 2D VSCF
calculations, the O—H bond length distribution is similar to that of the harmonic* sample,
and thus to the bond length distribution of the sample generated by quantum thermostat
in Ref. 25. The failure of the harmonic and harmonic* approximations is also visible in the

photoabsorption cross-section shown in Fig. S5.

The main quantity of interest is the quantum yield. Fig. S6 shows a direct correlation
between the initial O—H and O—O bond lengths and the final products of the trajectories
both for the Wigner samples and the QT sample (on the other hand, there is little correla-
tion between the initial velocities and the final product, Fig. S7). In Fig. 8, we compare the
quantum yields of O—H and O—O bond dissociation (or the H and OH products respec-
tively) for the three phase space sampling methods. After weighting the points according
to Eq. (19) the quantum yields for H product formation are 58.7% for the full harmonic
sample, 11.5% for the harmonic* sample and 26.6% for the 2D VSCF sample. In Fig. 8(d)
bootstrap analysis shows that the difference in quantum yields is significant. As expected,
the quantum yields for harmonic and harmonic* samples are comparable to those reported
in Ref. 25. More importantly, the quantum yield for the 2D VSCF sample is closest to 30.1%
obtained for quantum thermostat. This demonstrates that, despite the limitations of recti-
linear normal coordinates and the single-minimum approximation, VSCF Wigner sampling

effectively mitigates the main issue arising in the harmonic and harmonic* Wigner sampling.

Both the harmonic and VSCF Wigner distributions are obtained by making assumptions
about the PES of the molecule. For any point Q; sampled from these distributions, after
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FIG. 8. Final O—0O and O—H bond lengths for MHP trajectories started from (a) harmonic Wigner,
(b) 2D VSCF Wigner and (c) frozen-torsion harmonic (harmonic*) Wigner samples. Trajectories
with significantly lengthened O—H bonds were classified as H products. d) Distribution of H product

quantum yields obtained by bootstrapping.

performing ab initio calculations, it is possible to quantify the error of the model PES
as AFer(Qi) = Enodet(Qi) — Eeac(Qi). As expected, errors for the harmonic sample are
significantly larger than for the 2D VSCF sample (Fig. 9(a)). Since AFE.,(Q;) can be seen as
a quantitative indicator of situations where a point was sampled from an area of configuration
space where the model is not adequate, we can introduce a threshold t.., to remove points
from a sample when |AFEq(Q;)| > terr. Fig. 9(b) examines the effect of lowering t.,, on the
H product quantum yield. For the harmonic sample, where the main source of the error in
the model is the ()7 mode, reducing %, systematically removes points extended along this
mode (and thus, with an elongated O—H bond), lowering the H product quantum yield.
This reduction of the quantum yield does not converge to the values predicted from VSCF
and QT samples, but instead continues declining to below 5%. On the other hand, te.,
has a negligible effect on the 2D VSCF sample, indicating that the errors in the 2D VSCF
sampling do not favor a particular product.

Fig. 9(b) can also be used to explain why simply freezing ); during sampling does not

result in the correct quantum yield. Both freezing modes and removing points with high
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estimated by including only trajectories whose initial geometries satisfy AFEe(Qi) < terr-

AFE,,, effectively removes parts of the phase space from consideration during sampling. While
this does remove the most obviously bad geometries from the sample, the results cannot be
systematically improved in this way, since the critical regions of phase space for specific
pathways are not known a priori. In the case of MHP, at te,, &~ 0.4 €V the quantum yield
for the harmonic sample is close to the values obtained using QT or VSCF, but this is a
result of error cancellation and not an indication that the harmonic sample is correct with

this threshold value.

VI. CONCLUSION

In this work, we have presented a new method for sampling the phase space of molecules
by employing the Wigner distribution based on VSCF calculations. The goal of the method
is to efficiently and accurately sample initial conditions for TSH simulations of small to
medium sized molecules while including the effect of zero point energy. The method keeps
many of the advantages of the commonly employed harmonic Wigner sampling. At the same
time, it overcomes the main drawback of the harmonic approximation, which breaks down

when mode-mode couplings are important and the potential energy cannot be expressed as
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a sum of harmonic normal mode terms.

The method was tested on two systems. For malonaldehyde, we see that using the 2D
VSCF Wigner distribution slightly improves the distribution of bond lengths in the sample
relative to harmonic sampling. However, this has only a small effect on the calculated pho-
toabsorption cross-sections and on the subsequent TSH dynamics, suggesting that harmonic
Wigner sampling may still be adequate for systems with moderate anharmonicity.

For MHP, where harmonic sampling generates many geometries with artificially extended
bonds, 2D VSCF sampling proves to be very robust. The quantum yield of H product
formation, 26.6%, agrees well with that obtained using the quantum thermostat approach
(30.1%) and does not appear to result from error cancellation. This is notable given that the
"problematic" mode involves rotation around a single bond, which is known to be challenging
for VSCF.

In terms of cost, n-dimensional VSCF calculations scale roughly with the n'" power of the
system size, meaning that the cost of a 1D VSCF calculation is comparable to the cost of a
few numerical evaluations of the Hessian and 2D VSCF calculations are more expensive by
a factor proportional to the number of normal modes of the system. For the small molecules
and large samples used in the present work, fewer than one PES evaluation was needed per
initial condition using 2D VSCF Wigner sampling, making the cost of sampling completely
negligible in the overall computational cost of the nonadiabatic dynamics simulations.

Finally, an important advantage of the developed method is that its approximations
are well-defined and a clear pathway for further improvements is available. Higher order
representations of the PES can improve the accuracy of the VSCF calculation and vibra-
tional configuration interaction (VCI) can be performed to remove the independent mode
approximation. While Wigner sampling using VCI would drastically increase the cost of the
calculation, it would be feasible for a molecule of a size similar to MHP and would provide

a true benchmark against which both QT and VSCF sampling could be compared.

SUPPLEMENTARY MATERIAL

The supplementary material includes a comparison with 3D VSCF results and an analysis
of oscillator strengths for malonaldehyde, additional method comparisons and analysis of

generated velocities for MHP and a discussion on the accuracy of estimated quantum yields.
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